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2struction in our hands is important for doing the actual calculations we encounter
later on.
To be able to discuss resonance uorescence we have to use a dilation where we
have two channels in the electromagnetic eld. On one of them we will put a laser
state to drive the 2-level atom. We will call this eld the forward channel and the
other one the side channel. We will then count photons in both channels. We need
the side channel, because there we know that all detected photons are uorescence
photons. In the forward channel a detected photon could just as well be coming
directly from the laser.
For every event that can occur in the photon counters we construct a map giving
the evolution of the 2-level atom inferred by that event. We will see that the family
of maps we obtain, fullls the axioms for the processes discussed by Davies [4]. We
have constructed the Davies process of resonance uorescence.
Using the structure theory for Davies processes [4] we can decompose the process
into its trajectories [2]. Within our model we calculate the expression for the jump
operators and for the time evolution in between jumps. Note that a jump in the
system occurs the moment we detect a photon, since our knowledge concerning the
system changes.
Using the above apparatus we show that the resulting counting process in the side




, the algebra of 22-matrices, stand for the algebra of observables of a 2-level





positive maps. This semigroup describes the, generally irreversible, evolution of the
2-level atom. Lindblad's Theorem [13] then says that T
t





can be written as: for A 2M
2
:




















and H are xed 2  2-matrices, H being Hermitian. In this paper




means there is dissipation only into two channels, the forward channel described by
V
f
, and the side channel described by V
s



























This exactly gives the time evolution for spontaneous decay to the ground state of









We want to see this irreversible evolution of the 2-level atom as stemming from a
reversible evolution of the atom coupled to, in this case, two decay channels in the
3eld. So let us rst construct the algebra of observables for these elds. Let F be
the symmetric Fock space over the Hilbert space L
2
(R) of square integrable wave











. The electromagnetic eld
is given by creation and annihilation operators on F , generating the algebra of all
bounded operators. We need two copies of this algebra, which we denote by W
f
,
the eld which will be the forward channel, and W
s
, the eld which will be the side
channel.
The evolution over a time t of a free eld is given by the second quantization of
the left shift, i.e. the second quantization of the operator on L
2
(R) which maps f()
into f(+ t). We denote the second quantization of this operator by S
t
. This means






































The presence of the atom in the elds introduces a perturbation on the evolution









F , which will be specied later, that forms a cocycle






















Given this cocycle, we let the time evolution of the atom and the elds together






(i.e. the evolution is now









































if t < 0
;
The solution of the following quantum stochastic dierential equation [8], [15] pro-

































In the next section we will give an explicit construction for the solution U
t
of
this equation. It can be shown ([8], [5], [11], [15]) that if the cocycle satises





















; g) [9], [10],
where  is the vector state onW
f;s
given by the vacuum vector. This means that the


























































Let us here look briey in the Schrodinger picture at the above diagram. If we start
with a state  of the 2-level atom (i.e. we are now in the upper right hand corner



























































. This means that  is rst coupled to the
two elds both in the vacuum state, then they are time evolved together and then
there is a partial trace taken over the two elds.
III. GUICHARDET SPACE AND INTEGRAL-SUM KERNELS
Let us now turn to giving the explicit construction for the solution of equation (2).
For this we need the Guichardet space 
 [7] of R, which is the space of all nite










:= f  R; jj = ng. Let us denote by

n
the Lebesgue measure on R
n












; : : : ; t
n




; : : : ; t
n

























and the Borel sigma eld of R
n
. Now we dene a measure  on






. This means we have now turned the
Guichardet space into the measure space (
;; ).
The key to constructing the solution of equation (2) is to identify the symmet-












in the canonical way, unitarily equivalent with the space of all quadratically in-
tegrable functions on R
n































For every f 2 L
2
(R) we dene the exponential vector e(f) 2 F in the following














 : : : . Note that the linear span of all ex-
ponential vectors forms a dense subspace of F . For every f 2 L
2
(R) we dene
the coherent vector  (f) to be the exponential vector of f normalised to unity, i.e.









exponential vector (of an f 2 L
2




which we denote by (f) and which is given by: (f) : 




where the empty product
Q
s2;
f(s) is dened to be 1. We will often choose for f
the indicator function of a certain interval I  R, which we denote by 
I
. This is
the function which is 1 on I and 0 elsewhere.
We are now ready to start the construction of the solution U
t
of equation (2). De-
ne the integral-sum kernel of U
t
(name will become apparent in a minute) to be
the map u
t






















; : : : ; t
k




< : : : < t
k























































































Then we have the following theorem of Maassen, see [11], [12]:










;   ), the space
of all square integrable functions on 
  
 with values in C
2





























































































forms a group of




F describing the time evolution of the 2-level atom
and the two elds together. Stone's Theorem says that there must be a Hamiltonian
associated to this time evolution. This Hamiltonian has been calculated recently
[6].
IV. THE DAVIES PROCESS
We now return to the situation in gure 3. We wish to make some changes in this
diagram and for this we need to introduce some more notation regarding Guichardet












(I) = f  I; jj = ng. In a similar way as for

, which is 
(R), we can give these sets a measure structure: (
(I);(I); ).
Given a subset E of 







; ) ! L
2
(
; ) : f 7! 
E
f .




, which we abbreviate to 
t
, are events
in the output eld of the atom up to time t. Remember that the evolution of a free
eld was given by the left shift and that the atom is sitting in the origin. Since
the Guichardet space representation corresponds to the photon number picture, we
can give concrete interpretations to the subsets in 
t







, correspond to the events "there are n photons in the output of the
6atom into this eld up to time t".
Now back to the situation in gure 3. Suppose we have been observing the output
in the forward and side channel of the atom up to time t with two photon counters.






. Since we know the outcome of
the measurements we have to change the time evolution of the 2-level atom, i.e. we
















































































malized time evolution of the 2-level atom in the Heisenberg picture given that we
see event E
f
in the output of the forward channel and event E
s
in the output of the
side channel. If we are given a state on M
2
, i.e. a 2 2 density matrix , then the
probability of seeing event E
f
in the forward channel and E
s
in the side channel



















The setting is still not complete for describing resonance uorescence. Since we
are not driving the atom, both the forward and the side channel elds are in the
vacuum state, at most one photon can appear in the output. We change this by















. Note that 
0
is the vacuum
state. Putting a coherent state on the forward channel mimics a laser driving the
atom. We have suppressed its oscillations for the sake of simplicity. Now we are





























































































. It describes the unnormalized time evolution of the
laser-driven atom given that we see event E
f
in the output of the forward channel
and event E
s
in the output of the side channel. Given a state  of the atom, the
probability of seeing event E
f
in the forward channel and E
s
in the side channel























































; A 2 M
2



























. We will now study the properties of the family of maps
we dened.








satises the axioms of a
Davies process, [4]:







[E] is completely positive.
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Proof. The only point where there is really something to prove is point 5. Let us
























. Then for all A 2 M
2

























































































































































































Now we use the cocycle identity and the continuous tensor product structure of the
8symmetric Fock space to obtain:
E
t

























































































(A). They represent the evolution
of the atom when it is observed that no photons entered the decay channels. Then


































Now observe that for A 2M
2
































































































(;; ;)v, then we
see, using Theorem III.1, that B
t















































If we use this and the expression for B
t
(4), then we can do some estimations which















+ 1). This property can be summarized by saying that the
Davies process E
t
has bounded interaction rate, see [4].
V. QUANTUM TRAJECTORIES
In the seventies Davies studied the structure of what we now call Davies processes
[4]. Let us rst state his results, as far as relevant, in the context of the process we
are studying.
9Lemma V.1: (Davies [4]) Given any ideal Davies process E
t
with bounded in-































These completely positive maps represent the action we have to apply on the 2-
level atom the moment we see one photon appear in the forward, respectively side
channel.They are the jump operations for these channels. We will explicitly calculate
these limits later on, but rst we turn our attention to decomposing the Davies
process into its trajectories [2]. For this we need the following denition.




















be disjoint elements of 













< : : : < t
k


















































is the time evolution of the system when, both in the forward and the




are the jump operations that
we have to apply when a photon in the corresponding channels appears, it is clear




















represents the trajectory of an
observable A in M
2
when we nd the outcomes !
f
in the forward and !
s
in the
side channel during our counting experiment. The following theorem of Davies [4]
shows how to decompose the Davies process into its trajectories.
Theorem V.3: (Davies [4]) Given any ideal Davies process E
t
with bounded



































In the previous section we already found the expression for the time evolution in
between jumps: Y
t







































Now look at U
t
(z)
























(;; ;; frg; ;)dr + u
t






















































































Let us now turn to the calculation of J
s


































Taking a closer look at U
t
(z)





















































































Since we are driving the atom with a laser now, the time evolution when we











and no longer by T
t
. We will now derive the Master equation








































where we have written ! as f!
1
; : : : ; !
k
g with  t  !
1
< : : : < !
k
 0.



































































V;  g+ [zV

  zV;  ] + V

 V; (5)






, the Rabi frequency, real.
In the quantum optics literature (see for instance [2]), usually there is no photon




















. In the following we will also suppress the index s on E
s
. Using




























is dened in the obvious way analogous to
Denition V.2. Note that we have found exactly the same jump operator and
time evolution in between jumps as in the usual quantum optics literature, see
for instance [2], [3], i.e. we have succeeded in constructing the Davies process of
resonance uorescence with quantum stochastic calculus.
VI. A RENEWAL PROCESS
We will now look briey at some features of the process M
t
we obtained. It is




= 0 (i.e. g
2
(0) = 0) that the photons in the side
channel arrive anti-bunched : the probability to see two photons immediately after
each other is 0. We will now show that the photon counting process in the side
channel is a so-called renewal process.
We denote 
t
:= [0; t) and, via a shift, we let events E in 
t
correspond to events
E  t in the output sigma eld 
t
. This means that an element ! = f!
1





with 0  !
1
< : : : < !
k
< t should be interpreted as seeing the rst photon
appear in the side channel at time !
1
, the second at time !
2




Given that we start the photon counting measurement in the initial state , we
dene on the sigma elds 
t





















[0;1). Using that T
z
s
















































































is consistent, hence by Kolmogorov's extension theorem it extends to a































if j!j  j
1 else
;
where we take !
0
to be 0. These random variables give the time elapsed between
the (j   1)th and jth detection of a photon. To prove that the counting pro-
cess is a (modied) renewal process we have to show that for i = 1; 2; : : : the
random variables X
i
are independent and for i = 2; 3; : : : they are identically








 x] are equal and for i; j = 1; 2; : : : the joint
























Let us rst introduce some convenient notation. Note that, using equation (6), we





















































































































































































































































We would like to stress that this formula is only valid for events E 2 
t
and not
for all events in 
1
.




[0;1)! N : ! 7! j! \ [0; t]j;
counting the number of photons appearing in the side channel up to time t. Since, for





of the semigroup Z
t





0. Using this, formula (7) and the fact that the event [N
t












































































































(t  s) = 0:







 n] = 0:









problem is that for instance the event [X
i
 x] 2 
1
is not an element of 
t
for a
t 2 R. We solve this by conditioning on the event [N
t







































































































































































When i = 1 we can repeat the whole calculation to nd the same result when for
z we substitute z
first




In a similar fashion, only extracting two integrals now, we nd that for




















. If i or j is 1 we again
have to substitute z
first









is a (modied) renewal process.
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